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1. INTRODUCTION AND NOTATION 
The theory of ordinary differential equations has found various applica- 
tions to population dynamics. In recent years, differential equation models 
have been successfully employed to describe biochemical and ecological 
phenomena. In such context, an interesting problem which arises is that of 
persistence. More precisely, we consider the differential equation 
x’ = f(c x), (1.1) 
where f: [w x 52 -+ Iw p is continuous and D is an open set in Iw p. Let A4 E Q 
be a closed set, relative to Q, with non-empty interior, int, M, and 
compact boundary, fr, M. Equation (1.1) is said to be presistent for A4 if 
int, M is a flow-invariant set for Eq. (l.l), and for each x( -) solution of 
(l.l), defined on [to, + co) with initial value x(t,)~int, M, there exists 
7 = 1],>0 such that lim inf,, +m d(x(t), fr, M) > 9; d( ., .) denotes the 
usual distance in [w p. If, moreover, 7 is independent of the solution x( ), we 
say that uniform persistence occurs. In other words, fr, M is a uniformly 
repelling set for Eq. (1.1) with respect to int, M. 
When (1.1) is autonomous and M is a compact set, it is known that 
uniform persistence holds, for the set M with respect to Eq. (l.l), if for 
each u~fr, A4 there exists an outer normal v, to M at U, in the sense 
of Bony [3], for which the usual inner product (f(u)/ v,) is negative 
(see, for instance, Corollary 2 and Theorem 1 in [6] ). However, for 
nonautonomous equations, no condition for f on the boundary of M 
guarantees uniform persistence, as seen in [6, Theorem 23, 
The aim of this paper is to provide a sufficient condition in order to get 
uniform persistence, even in the nonautonomous case. The main idea is a 
generalization to processes of a result about repellers for autonomous 
differential equations by J. Hofbauer [ 111, successively generalized for 
semi-dynamical systems by V. Hutson [ 121 and A. Fonda [S]. 
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In Section 2, we give sufficient conditions to ensure that a compact 
set is a uniform repeller. For the periodic case, we actually obtain a 
caracterization of such sets. Section 3 shows that dissipativeness (i.e., the 
existence of a compact set absorbing points) can be considered in terms of 
uniform repellers and, for the periodic case, a fixed-point theorem is 
provided. As a consequence, a result on the existence of periodic solutions 
for differential systems follows. Section 4 is devoted to the applications. 
In a first example, we find a result of persistence for hypercycles and 
generalize, to the periodic case, a preceding theorem by J. Hofbauer [ 111. 
In a second example, we produce existence of positive periodic solutions 
for competitive systems and improve some results by C. Alvarez and 
A. C. Lazer [2] and P. De Mottoni and A. Schiaflino [S]. For the 
non-periodic ca.se, a result by S. Ahmad [ 1 ] is also considered. 
We denote by R+ the set of positive reals, R + = R+ u (0) and 
iw; =(R+)P. 
For a metric space X, with distance d, B(x, r) and B[x, r] are, respec- 
tively, the open and the closed ball of center x and radius r. Analogously, 
for a set A cX, we define B(A, r) := (ycX: ~xEA, d(x, y)< r} and 
B[A, r] := ( y E X: 3x E A, d(x, y) 6 r}; cl, A, int, A, and fr, A are, respec- 
tively, the closure, the interior, and the boundary of the set A with respect 
to X. When no confusion arises, we’ll omit X. 
2. UNIFORM REPELLERS 
Throughout the paper, Xis a locally compact metric space with distance d. 
Let Y be a subset of X. By a process on Y (see [lo]), we mean a 
continuous map U: 58 x Y x R + 3 Y, verifying 
(i) ~(0, x, 0) =x, 
(ii) ~(0, x, s + t) = U((T +s, ~(a, x, s), t) for all G E R, s, t E R,, and 
XE Y. 
A process u is said to be w-periodic when it is o-periodic in the first 
variable. In this case, T”(x) := ~(0, X, nw) defines a discrete semi-dynamical 
system on Y; u is called autonomous if it doesn’t depend on the first 
variable. Autonomous processes can be considered as continuous semi- 
dynamical systems (and conversely), by setting 
71(x, t) = u(0, x, t). (2.1) 
In the applications, we’ll consider the following example. 
Let XG Q be a closed set in Q, flow-invariant for Eq. (1.1) (i.e., every 
solution of a Cauchy problem associated to (1.1) with initial value in X, 
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remains in X for all the future). We suppose to have uniqueness and global 
existence in the future for solutions of Cauchy problems for Eq. (1.1). 
Denote by cp( .; t,, x0) the solution of (l.l), defined on [to, +co), with 
initial condition (~(t,; t,, x0) = x,, E X. Then, we can associate to Eq. (1.1) a 
process u on X, through 
u(0, x, t) = cp(a + t; 0, x). (2.2) 
In this case, we’ll say that u is the process generated by Eq. (1.1) on X. If, 
moreover, f is autonomous (resp. o-periodic in the first variable) u is an 
autonomous (resp. o-periodic) process. 
We extend the definition of uniform repeller, given in [8]. for semi- 
dynamical systems, through 
DEFINITION 2.1. Let u be a process defined on YE X. A subset S of X 
is said to be a uniform repeller for u with respect o Y if there exists q > 0 
such that for all x E Y\S and 0 E R, lim inf,, +ac d(u(o, x, t), S) 2 q. For 
simplicity, if Y = X or Y = X\S, we’ll just say that S is a uniform repeller 
for U. 
It is clear, from this definition, that the finite union of uniform repellers 
(for u w.r. to Y) is a uniform repeller (for 24 w.r. to Y). In fact, 
4x, UT=“=, Si)=min,.i.,d(x, S,). 
DEFINITION 2.2. A subset M of X is positively invariant for the process 
u on YGXif, for each x~Mn Y, u(cr,x, t)EMfor all aelR and t20. 
We note that M is positively invariant for u on Y iff ulR x (Mn ,,.) x R+, the 
restriction of u to R x (Mn Y) x [w + , is a process on M n Y. 
Definition 2.2 coincides with the usual definition of flow-invariant sets 
for differential equations, when the process u is generated by a differential 
equation and Y = X. 
The following theorem gives a criterion of uniform repeller for w-periodic 
processes. It can also be obtained associating a semi-dynamical system to 
an o-periodic process and applying Theorem 1 in [S]. However, we will 
follow a different proof which will enable us to obtain a sufficient condition 
of uniform repeller for non-periodic processes. 
THEOREM 2.1. Let S he a non-empty compact subset of X and u an 
o-periodic process on X\S. Then, S is a uniform repeller ifs there is a 
continuous map P: X + R + veriyying 
(a) P(x)=Oox~s 
505.,86/l-10 
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(b) there exists a neighbourhood U of S such that 
v v 3 P(u(o, x, T)) > P(x). 
XEU\S oE[O,O) T=T,,,>O 
Proof: Essentially, we follow Theorem 1 in [8]. 
Necessity. If we assume that S is a uniform repeller, taking q as in 
Definition 2.1, it is enough to consider P(x) := d(x, S) and U := {x E X: 
P(x) < q/2}, in order to get conditions (a) and (b). 
Sufficiency. Assume conditions (a) and (b), for some continuous map 
P:X+R+. 
We consider the set 
Z(p) := {XEX: P(x)<p}, 
where p > 0 is small enough, in order to guarantee Z(p) G U and the 
compactness of Z(p), as S G Z(p) is a compact set in a locally compact 
metric space. 
For q E (0, p], we define 
We prove, now, the following 
Claim. For every q E (0, p], there exists T = T(q) > 0 such that for each 
x E V(q) and (T E [0, o) there is t = t,,, E [0, T] for which ~(0, x, t) 4 Z(p). 
Fix q E (0, p]. Since V(q) is compact, we’ll first construct a finite open 
covering of the compact set [0, o] x V(q) in R x X. We observe that condi- 
tion (b) is also true for c E R, as u is an o-periodic process. Thus, for each 
y E Z( p)\S and r E [0, w], assumption (b) provides the existence of T,,, > 0 
such that P(u(z, y, T,,.,)) > h,,P( y), for some h,,, > 1. Since u is a process 
on Y := X\S, according to condition (a), we can define a map cp on 
Rx Y by cp(a, x) := P(u(a, x, T,,,))/P(x). cp is a continuous map and 
~~(79 Y) > A,,,. Then, there exists sy,r > 0 for which P(u(a, x, T,,,)) 2
h,,P(x), for all XE Y and 0~ R such that d(x, y) <E~,~ and ICJ- tl <E~“,~. 
Hence, by the compactness of [0, w] x V(q) c [0, IX] x (Z(p)\S), there exist 
Y,, . . . . Y~EI(P)\S and rI, . . . r, E [0, o] such that [0, o] x V(q) E 
UT= 1 B(ri3 Ey,, I x &Yi, &,,,.,I. 
Define Ti := TY,,7, and hi := h,,,,,. Then, for each z E V(q) and cr E [0, w] 
there exists i E ( 1, . . . . m} such that P(u(a, z, r,))a hip(z). Putting h := 
min iGiG,,,j;, and T, :=max,GiG, Ti, we have proved that 
v v 3 P(u(o, z, 5)) 2 hP(z). (2.3) 
ZE V(q) 06 co.01 TE [O,TMl 
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As 0 < q < p, there exists a natural number n verifying h”- ‘q 6 p < h”q. Set 
T := nT,. Assume, by contradiction, that there are x E V(q) and c E [0, w) 
verifying 
4fl., 4 t) E 4 P), for all t E [0, T]. (2.4) 
From (2.3), there exists sr E [0, T, J satisfying Z’(u(o, X, sl)) > M’(x) 2 hq. 
If n= 1, we get a contradiction, as p<hq*u(cr,x,s,)#Z(p). If n> 1, 
by (2.4), since sr E [0, T] and h > 1, we have ~(a, x, sI ) E V(q). Take 
0, E [0, w) verifying cr, E (a +s,) mod o. Again by (2.3), applied to g1 
and U(CJ, x, sr), there is SUE [0, T,] such that P(u(a, x, s, +sz)) = 
P(4a+s,, 40, x, s,), s2))=P(u(oI, da, x, sl), s2))>Wu(~, x, s,)), for u 
is an w-periodic process. Therefore, P(u(a, x, s, +sz)) > hP(u(o, x, s,)) > 
h*P(x). Again a contradiction is achieved if n = 2. If n > 2, we repeat the 
same argument, by induction. At last, we would have s, + . + s, 6 
nT,= T and ~(a, x, si + ... + s,) & Z(p), contradicting the assumption 
(2.4). Hence, the claim is proved. 
Now take the compact set Z := u( [0, w] x V(q) x [0, T]), where 4 = p/2 
and T is associated to q as in the claim. As Z-n S = 0, u is a process on 
X\S. Define q := min(d((; S), d(X\Z( p), S)) > 0. We note that, by detini- 
tion of ‘1, .x$ Z(p) *d(x, S) Z q. For each x E Y and cr E [0, o), two 
possibilities arise: either u(cr, x, 1) 4 Z(p) for all t > 0, and then 
lim inf d(u(a, x, t), S) 3 q (2.5) I--r +a 
or there is some t, 2 0 such that ~(0, x, to) E Z(p). Assume this last situa- 
tion. Applying the claim for q = P(u(o, x, to)), one concludes the existence 
of a t* > to for which ~(0, X, t*) $I( p). Again two possibilities arise: either 
u( cr, x, t) II(p) for all t > t*, and we have (2.5) or there exists a t, > t* for 
which u(rr, X, f,) E Z(p). In this case, for t > t*, we have u((T, x, t) E I( p) = 
~(0, x, t)eZ’, which implies (2.5). In fact, let t, > t* be such that 
~(0, x, rl) E Z( p). Define t: := sup{x~ [t*, t,]: ~(0, x, t)~ V(q)}, which is 
actually a maximum. Therefore, u(cr, x, tf) E V(q). If t; = l,, ~(a, x, 1r) = 
~(0, ~(0, x, tf), 0)~ Z’. Assume that t: < ti. By definition of t:, it follows 
that U(CJ, x, t)~Z(p)\V(g) for all t E (t:, t,]. The claim shows that 
t, - t: < T and so u((T, x, tr) = u(a + t:, ~(a, x, t:), t, - t?) E Z. 
The w-periodicity of u concludes the proof. 1 
Remark 2.1. In the applications it can be useful to deal with a process 
on a subset of a locally compact metric space which is not locally compact. 
This is the reason why we consider all the definitions for subsets Y of X, 
instead of the whole space X. Theorem 2.1 (as well as Theorems 2.2, 2.4, 
and 3.4 below) can be easily generalized for the case in which Yu S is a 
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locally compact metric space and the process u is defined on Y. In fact, if 
Y\S is positively invariant for u w.r. to Y, we just have to consider Y u S 
instead of X. 
Remark 2.2. We observe that condition (b) is equivalent to 
lb’) V/XEs3,~>oVy~~(x,Eli)\sV~tCo,~)3r=r,:~>oP(~(~, Y T))>P(y). 
This may be useful in the applications. 
Asking for a stronger assumption than (b’), one can also get a sufficient 
condition in order that a compact set be a uniform repeller for general 
processes. In fact, we have 
THEOREM 2.2. Let S be a nonempty compact subset of X and u a process 
on X such that S and X\S are positively invariant sets. Then, S is a uniform 
repeller if there is a continuous function P: X + Iw, satisfying (a) and 
Proof The proof is similar to the one given for Theorem 2.1. We just 
remark the main differences. 
Since S is compact, we can choose x,, . . . . x, E fr S for which S E int S n 
(lJy= i B(xi, E,,)), where E,, is given by condition (b”). Then, take p > 0 
small enough so that Z(p) E int S n (UT= i B(x;, E,)) and Z(p) is a compact 
set. We have Z(p)\Sr Uy=, B(x,, s,,)\S. The claim becomes 
v 3 dfl, x9 t,) 4 4 P), v . (2.6) 
-XCf(P)\S frE co.r1 oeR 
According to condition (b”), for each i E ( 1, . . . . m >, there exist Ti > 0 and 
hi> 1 SO that P(u(a, z, T,)) > hip(z), for 0 E R and z E B(xi, s,,)\S. Taking 
TIM :=max,.;., Ti and h :=miniGiG,h,, we obtain 
v 3 ‘d P(u(a, z, z)) > hP(z). 
zEl(p)\S rE[O,T,w] OER 
(2.3’) 
By contradiction, the claim is proved in a similar way to that of 
Theorem 2.1. The rest of the proof follows by making, in this case, 
Z’ := u( R x V(q) x [0, T] ). In fact, if, by contradiction, i=n S # 0 then 
there are u, E R, xn E V&T t, E P-4 Tl, and X~E S such that 
y, := u((T,, x,, t,) +x0 as n + + co. Condition (a) implies P(xO) = 0. 
Hence, we can assume y, E Z(p), for all n E N. Moreover, since V(S) c X\S 
and X\S is positively invariant, y, E Z(p)\S. According to the claim, we 
pick s, E [0, T] such that u(o’, y,, s,) $Z(p), for all rr’ E R. If necessary 
passing to a subsequence, for some ~(a’) E [0, T], s, + ~(0’). Since u is con- 
tinuous and S is positively invariant, thus u(g), y,, s,) + u(c+, x0, ~(0’)) E S. 
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Therefore, P( u( (T’, J’~, s,)) 3 p and P(u(cJ’, x0, s(a’)))=O, which gives a 
contradiction, since P is continuous. 1 
Remark 2.3. For points x E int S, condition (b”) is vacuously satisfied. 
Hence, (b”) is equivalent to 
V sup lim inf inf P(u(a, y, T))/P( y) > 1, 
r;tfrrS 7->0 
,STcfS 
UEIW 
which, for semi-dynamical systems gives condition (b) of Theorem 2.2 by 
Hutson [ 121. As a consequence, our Theorem 2.2 generalizes that one. In 
fact, we observe that, if X is compact, the existence of a compact set K in 
X with d(K, S) > 0 which attracts emiorbits, of the semi-dynamical system, 
starting in X\S is equivalent to say that S is a uniform repeller (for the 
semi-dynamical system). 
The next theorem provides a sufficient condition in order that (b’) holds. 
For it, we recall the following lemma which is a consequence of Zygmund’s 
theorem (see also [ 16, Corollary I]). 
LEMMA 2.3. Let f, g: [a, b] c [w + Iw be two maps such that f is con- 
tinuous, g is Lebesgue integrable on [a, b], and D’f(t) > g(t), for t E [a, b] 
almost everywhere. Then, f(t) -f(a) 3 J: g(s) ds, for all t E [a, b]. 
Here, we denote by D+ the upper-right Dini derivative, i.e., 
D’f(t) = lim SU~~(~)-~(~). 
s-r+ s-t 
Given a process u on Y and a map P: Y -+ [w, we define 
%, y) := D+(f’(u(a, Y, .)))r=o. 
We have the following generalization of Theorem 1 in [ 111 (see also the 
later part of Remark 2.5). 
THEOREM 2.4. Let u be an o-periodic process on X and S a non-empty 
subset of X such that X/S is positively invariant. Assume the existence of 
continuous functions $1 [w x X + aB o-periodic in the first variable, 
P: X -+ Iw + satisfying condition (a), and q5 : aB + -+ [w +, verifying 
(i,) P(s, z) > d(P(z)) $(s, z), for every s Z 0 and z E X\S 
OJ ~.~EflS~6ECo,0~~r=r,,~,o~~Il/(~+t,u(~,x,t))dt>0. 
Then (b’) holds. Furthermore, if S is compact, then S is an unrform repeller. 
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Proof: First of all, we observe that, as u is a process on X, for 0 E R, 
YE X, and t > 0, we have D’(P(u(o, y, .)))(t) = P(a + t, ~(a, y, t)). Being 
X\S positively invariant, if y E X\S, by (i,) with z = ~(0, y, t), 
~‘(X”P(4cJ, Y, m(f)=&+ t, u(fJ, Y, t))ld(p(u(Q, Y, t))) 
3 $(a + t, u(a, y, t)), 
where x(s) := j; l/d, for some positive constant c. 
If x E int S, condition (b’) is satisfied with E, small enough. 
Fix x E fr S. For z E [0, w], consider T,,, > 0 according to condition (i2). 
As SOT,, $( . + t, u( ., ., t)) dt is a continuous map at the point (r, x), we can 
find E,~,, > 0 such that 
’ s 
T,, i z E m ~.x,,)\X /G-T1 <&,,a $(G + t, U(G, z, t)) dt > 0. (2.7) o 
As CO,~IEU.~C~,~,(~-E.~,~,Z+E~,~), choose z,,...,r,~[O,~] for 
which [O,~]EU~=~((~~-&.,,,,,Z~+E~,,,). Take ~,:=min,~~~,s,,,,>O. Fix 
y E B(x, E,)\S and cr E [0, 0). Then, there exists a in { 1, . . . m} such that 
10 - zil <E,,,,. Furthermore, y E B(x, &,,,,)\S. By (2.7), we get 
i 
Tr. i, 
$(o + t, ~(a, y, t)) dt > 0. 
0 
Set T := T,,,,. Applying Lemma 2.3 to [0, T], f := x 0 P(u(o, y, .)) and 
g := $((T + ., ~(a, y, .)), it follows that 
because ~(a, y, 0) = y. Hence, as x is strictly increasing (for q5 > 0), 
P(u(a, y, T)) > P(y). Therefore, condition (b’) holds. 
If, moreover, S is compact, we apply Theorem 2.1. 1 
For the case in which S is positively invariant, condition (i2) can be 
weakened into 
(12) v xECln+(S)nfrS vae[o,w) 3T=T,,a>o jhO+ t, 40, x, t)) dt>O> 
where /i’(S):= {~~X:3,~~3,.~3,~~+,u(~,x,t,)--,y}. The proof 
follows applying Theorem 2.4, in an analogous way to that of [ 12, 
Theorem 2.53 or [8, Corollary 21. 
Remark 2.4. We observe that, with minor changes, the same proof 
can be carried out if, instead of II/ continuous, $ is assumed to be lower 
semicontinuous and bounded below. 
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For processes in general, an analogous result can be obtained, with (b”) 
instead of (b’) and replacing condition (iz) by 
Of course, it is not required that II/ be o-periodic in the first variable. 
Remark 2.5. Uniform repellers can be useful when dealing with uniform 
persistence for differential equations. As a matter of fact, consider the 
process u on X generated by system (1.1). If the boundary of X in Q is 
compact, system (1.1) is uniformly persistent for X iff the interior of X is a 
flow-invariant set for (1.1) and the boundary of X in 52 is a uniform repeller 
(see, for instance, [7, Sect. 21). Furthermore, if X is compact, the concept 
of uniform persistence coincides with that one of coopetativeness or 
permanent coexistence [ 11, 17, 14, 151, which requires the existence of a 
compact set, in the interior of X, attracting all the trajectories of system 
(1.1 ), with initial value in the interior of X. 
3. UNIFORM REPELLERS FOR DISSIPATIVE PROCESSES 
Let X be a locally compact and separable metric space and denote by 
2 := Xu { 00 > its one-point compactilication. Then, 2 is metrizable (see 
[6]). We recall that the open sets in 2 are the open sets in X and the sets 
2\K, where K is a compact set in X. Moreover, X is dense in 2. Of course, 
B is locally compact. 
According to Definition 2.1, if u is a process on X= J?\( cc >, {cc } is an 
uniform repeller for u iff there exists rl> 0 such that, for every x E X and 
GE& liminf,,,, d*(u(o, x, t), co)>q, where d* is a metric on 8 giving 
the one-point compactification topology. 
We observe that the concept of uniform repeller is invariant under 
equivalent metrics. 
To realize what is the meaning of “{cc } is a uniform repeller,” we give 
DEFINITION 3.1. Let u be a process on Y c X, with X a locally compact 
metric space, and let 2 be a subset of Y. We say that u is point dissipative 
on 2 if there exists a compact subset K of X such that K absorbs points 
of Z, i.e., 
QQ 3 40,x, t)EK, Q . 
xez oeR T=T,,cT>O l>T 
When Z = Y= X, we have the following characterization of point 
dissipativeness. 
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THEOREM 3.1. Let u be a process on X, locally compact and separable 
metric space. Then, u is point dissipative on X iff { 03 } is a uniform repeller. 
Proof: For the sufficient condition, if q > 0 is given by the definition of 
uniform repeller, take into account that K := { y E X: d*( y, cc; )3 n/2} = 
X\B(co, q/2) is a compact set in X (B(c0, 9/2) is an open set containing 
{ 00 }) and K absorbs points of X. 
Conversely, if K, is a compact subset of X absorbing points of X, take 
q := d*( co, K,) > 0, as K, is also compact in X. 1 
For w-periodic processes, Theorem 2.1 gives a criterion in order that 
{co } be an uniform repeller. In the next theorem, we give another one, 
which has the advantage of dealing with properties in X, instead of 2. 
THEOREM 3.2. Let u be an o-periodic process on X a locally compact and 
separable metric space. Then, (CG } is a uniform repeller for u iff there exists 
a continuous map P: X + Iw + such that we have 
till lim,+, P(x) = + co, i.e., for each M > 0 there exists a compact 
subset C of X for which x 4 C = P(x) > A4, 
(j2) there exists a compact subset K of X such that 
vv 3 f’(u(o, x, T)) <P(x). 
.XEX\K oeR T=T,,,>O 
Proof According to Theorem 2.1, {cc } is a uniform repeller for u iff 
there exists a continuous function P, : X-+ IL!, such that 
0’;) P,(x)=Oox= co 
(j;) there exists a compact subset K, of X for which 
v v 3 P,(U(~, 4 t)) > P,(x). xeX\Ka UER T=T,..>O 
Therefore, given P, , take P(x) := l/P,(x) and, conversely, given P, set 
P,(W) :=0 and, for XE X, P,(x) := l/P(x). 1 
Remark 3.1. In Theorems 3.1 and 3.2, we require separability for X 
since point dissipativeness on Z implies the separability of Z (a similar 
remark, with respect to dynamical systems can be found in [9]). 
We want to give now a theorem which provides a fixed point for 
~(a, ., w), when u is an o-periodic and dissipative process. For it, we recall 
some fixed point theorems for dissipative maps. 
As can be seen in [lo], if E is a Banach space and T: E --+ E is a 
continuous map, for K and H subsets of E, we say that K attracts H
UNIFORM REPELLERS FOR PROCESSES 151 
if for every E>O there is N(H, E)E N such that T”(H) GB(K, E), for all 
n > N(H, E). T is said to be a point (resp. compact) dissipative map if there 
exists a bounded subset B of E such that B attracts points (resp. compact 
subsets) of E. It is also known that if E is a Banach space and T: E -+ E 
is a completely continuous and point dissipative map then T has a 
fixed point. This result is a consequence of Theorem 4.4 in [lo], since 
a completely continuous map is conditionally condensing and, for 
completely continuous maps, point dissipativeness is equivalent to compact 
dissipativeness. 
Also for continuous maps (see [ 13]), the next lemma is implicit in [lo]. 
LEMMA 3.3, Let Y be a topological space homeomorphic to a retract C 
of [wr (i.e., there exists r: Rp -+ CC Rp continuous and such that the restric- 
tion of r to C is the identity on C). Assume that T: Y + Y is a continuous 
map and that there exists a compact subset K of Y such that 
v 3 V T”(x)EK. (3.1) 
XSY NreN n2.NN, 
Then T has a fixed point in K. 
For processes, it turns out the following result. 
THEOREM 3.4. Let X be a locally compact metric space and S a subset of 
X. Assume that u is a process on X (or X\S) such that there exists a compact 
subset K of X which absorbs points of X\S and K n S is a untform repeller. 
Then, there exists K’ G K\S compact that absorbs points of X\S. Moreover, 
tf u is w-periodic and X\S is a positively invariant set homeomorphic to a 
retract of R p, for each o E R there is x, E K’ such that x, = u(o, x,, co). 
Proof Since Kn S is a uniform repeller, let u > 0 be such that, 
for XE X\(Kn S) and GE R, there exists to = t,(x, a) > 0 for which 
d(u(o, x, t), K n S) > 112, for every t > t,. As K absorbs points of X\S, 
choose t1 = t,(x, a)>0 such that u(cr, x, t)e K, for all t > t,. Then, if 
t 2 max(t,, t,), ~(a, x, t) E K\B(Kn S, q/2). Thus, take K’ := K\B(Kn S, 
q/2) which is a compact set in K\S and absorbs points of X\S. In this way, 
we have shown the first part of the thesis. 
Suppose, now, that u is o-periodic and X\S is a positively invariant set 
homeopmorphic to a retract of I?&’ p. Fix 0~ R, we can define a map 
T: X\S -+ X\S by T(x) := ~(0, x, o), as X\S is positively invariant. T is 
continuous and, by the o-periodicity of U, Y(x) = ~(a, x, ma), for x E X\S 
and me N. Furthermore, as K’ absorbs points of X\S, there exists 
T= T,,, > 0 such that u(a, x, t) E K’, whenever t 3 T. In particular, if 
p 2 T/o, we have 7’“‘(x) = u(a, x, mw) E K’, for m 2 p. 
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Hence, by Lemma 3.3, we get an element x* E K’ such that x* = 2(x*) = 
46 x*, QJ), I 
Remark 3.2. Consider u the process generated by Eq. (1.1) on X (closed 
in 52 and flow-invariant for Eq. (1.1)) and let S be a closed subset of X such 
that X\S is a flow-invariant set. A set Mc S is said to be a uniformly 
repelling set, for Eq. (l.l), with respect to X\S (see [7]) if there exists an 
open set A (in RF) containing M, which verifies 
Q Q 3 dt; to,x)44 Q . 
.YEX\S rosR t*>io 12 1* 
It is not difficult to see that, if M is compact, M is a uniformly repelling 
set, for Eq. (l.l), with respect to X\S iff M is a uniform repeller for u w.r. 
to x\s. 
The following corollary shows the existence of an o-periodic solution of 
Eq. (1.1). 
COROLLARY 3.5. Let 52 be an open set in [wp, X a closed set in !2, and 
f: [w x 62 -+ Iwp a continuous map, or-periodic in the first variable, such that 
uniqueness and global existence in the future for Cauchy problems of 
Eq. (1.1) with initial value on X are satisfied. Assume X flow-invariant for 
Eq. (l.l), SEX a closed set in X such that X\S is a flow-invariant set 
homeomorphic to a retract of [wp, and that there exists a compact set KE X 
such that :Kn S is a untformly repelling set, for Eq. (l.l), with respect to 
X\S and 
Q Q 3 cP(t; o,xo)EK, Q (3.2) 
XOEX\S ,OE[O,W) T>ro I>T 
(i.e., K absorbs positive semiorbits on X\S). Then there is an o-periodic 
solution of Eq. (1.1) with values in K\S. 
Proof. Let u be the w-periodic process on X generated by Eq. (1.1). 
Condition (3.2) means that K absorbs points of X\S, for the process u. 
By Remark 3.2, Kn S is a uniform repeller for u w.r. to X\S. Thus, 
Theorem 3.4 applies and we get XE K\S such that X = ~(0, i’, w) = 
&w; 0, X). As ~(0, ., o) is the Poincare map associated to Eq. (l.l), 
cp( .; 0, X) is an o-periodic solution for Eq. (1.1). Furthermore, according to 
the first part of the thesis of Theorem 3.4, this solution takes values 
in K\S. 1 
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4. APPLICATIONS 
We present now two applications of the preceding results. In the first 
example, we get uniform persistence and, in the second one, the existence 
of a positive periodic solution. 
EXAMPLE 4.1. We consider the following system in IwP 
fi=xi(q;+k,xi-l -d), i = 1, . . . . p, (4.1) 
where &t, x) = C;= I x,(q,(t) + k,x,- i), for x = (xi, . . . . xP), ki are positive 
constants and qi are o-periodic continuous real functions. 
System (4.1) is a generalization of the homogeneous hypercycle (qi = 0), 
for which it is known that uniform persistence occurs with respect to the 
set M:= (x~[wP,: xi”=, xi = 1) iff there exists an equilibrium point in 
int,M, where X:={x~[W~:~~=,x~=l} (see [ll, 17, IS]). J.Hofbauer 
[ 1 l] generalized this result for an inhomogeneous hypercycle of the type 
(4.1), but with qi constant functions. In what follows, using Theorem 2.4, 
we get in the same way as in [ll, Example 2.11, uniform persistence of 
(4.1) for M, iff we assume the existence of an equilibrium point in int, M, 
for the system obtained from (4.1) by time averaging, 
i,=xi(q;-k,xi-, -(is), i= 1, . . . . p, (4.1’) 
where 6(x) = Cp= 1 x,(q; + k,x,- r) and, for a continuous map g: Iw + [w, we 
set 
2:=(1,/o) wg. I 0 
So, we just mention how to proceed. 
The field associated to (4.1) is locally lipschitzian on M and X is an 
invariant set (i.e., a positively and negatively invariant set). Thus, since A4 
is compact, solutions with initial value on M exist globally in the future. 
Therefore, system (4.1) generates an o-periodic process u on M. 
iw ‘+ is a flow-invariant set for (4.1). Then, M = [w “, n X is a flow-invariant 
set and so it is int, M, as the axes are invariant sets. Thus, in order to have 
uniform persistence, it is enough to see that fr, M is a uniform repeller for 
u (see Remark 2.5). But this is a consequence of Theorem 2.4, with 
+=idu+, P(x) = np=, Xyk’ and $(f,x)=Cf=, l/Mqi(f)-Gi+&P)- 
&t, x)), where p = (pi, . . . . @,) is an equilibrium point, for (4.1’), in int, M. 
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For the necessary condition, we proceed as in [ 17, Sect. 63. 
EXAMPLE 4.2. We consider, in R2 
x’=x(a-bx-cy) 
Y’ = Ad- ex -fv), 
(4.2) 
where a, 6, c, d, e, f: R -+ R are continuous, non-negative, and o-periodic 
functions, being 6, c, e, f positive and a, d non-identically zero. 
Corollary 3.5 provides a sufficient condition in order that system (4.2) 
has a positive o-periodic solution. Indeed, 
THEOREM 4. Assume that 
d/ie > max aJb, ii/Z > max d/f (4.3) 
holds. Then, system (4.2) has a positive w-periodic solution. 
Proof: In Corollary 3.5, let Q := R*. System (4.2) verifies uniqueness for 
Cauchy problems, since we have a locally lipschitzian field. 
Denote M1 :=max u/b and M, :=max d/j We take X:= I%: as, for 
(x0, Yo) E c 7 if A := max(M,, x0) and B := max(M,, yO), the compact set 
[0, A] x [0, B] c R; is flow-invariant for system (4.2), which implies 
global existence in the future for the solution with initial value (x,,, yO). We 
put s:=(o}xR+ u R + x {0}, an invariant set for (4.2). As a consequence, 
(R+ )’ is a flow-invariant set for system (4.2). Furthermore, (R+ )’ is 
homeomorphic to R2. 
Fix E > 0 sufficiently small, so that 
d/t? > M; : = E + max a/b, ii/F > Ml := E + max d/f 
holds and define K := [0, M;] x [0, M;]. Since K is a flow-invariant set for 
(4.2), in order to verify (3.2), we just need to see that a solution (x( .), y( .)) 
of (4.2) with initial value (x(t,), y(tO)) E (IX+ )’ enters in K. Assume, by 
contradiction, that x(t) > M;, for t > t,. Then, as x(t), y(t) > 0, we get 
x’ = x(a - bx - cy) c x (a - bM;) < - ebx. Hence, integrating xl/x < - eb 
between t, and t > t,, it follows 
O<x(t)<x(t,)exp 
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Since b is positive and o-periodic, we have lim, _ + o. x(t) = 0, which 
contradicts x(t) > M; for all t > t,,. Therefore, there exists t, > t, such that 
x(t1) 6 M;. 
Being [0, M;] x [0, + co) a flow-invariant set for system (4.2), it turns 
out that x(t) < M; for all t > t,. In an analogous way, one proves that, for 
some f2 > fO, y(t) < A4; for every t > t,. As a consequence, (x( .), y( .)) 
enters in K and (3.2) is satisfied. 
It remains to prove, according to Remark 3.2, that Kn S is a uniform 
repeller for the process U, generated by (4.2), w.r. to ([w +)‘. For this 
purpose, we use Theorem 2.4, setting 4 := id,, and X= K. 
Since Kn S= (0) x [0, M;] u [0, M;] x {0}, let Si := (0) x [0, M;] 
and S, := [0, M;] x (0). As observed before, it is enough to see that S, 
and S, are uniform repellers for u wr. to (R+)‘. We deal with S,, as for 
S2 the proof is analogous. 
Let f’,(x, y) :=x. Then, PI h x, Y) = (VP, (x, Y) I f(s, x, u) If(s, x, Y)) 
= x(a(s) - b(s) x - c(s) y). Hence, define 11/I: R, x rW: -+ [w by 
I),@, x, y) :=a(.~)-b(s)x-c(s)y. 
For (x, y) E S1 and u E [O, w), take T := o. If (x( .), y( .)) is the solution 
of (4.2) with initial condition (x(o), y(a)) = (x, y), we have 
s oT $1 (a + t, x(a + t), y(o + t)) dr = jw (~(a + t) - c(a + t) y(o + t)) dt o
z ow(a(o+t)-c(cr+~)M;)dt s 
s 0tCU = (a( I) - M;c( t)) dt d 
= s y (a - M;c) = o(E -M;c) > 0.
Therefore, Theorem 2.4 applies and hence, also Corollary 3.5. As a conse- 
quence, there exists an o-periodic solution for (4.2), with values on K\S, 
which implies that it is a positive solution. 1 
We observe that, if a( +) and d( .) admit negative values but ~7, d> 0, we 
can reduce the system to the above case, by the change of variables 
u(t)=x(t)exp(-A”(t)) and u(t) = y(r) exp( -&t)), 
with A”(t) = ---at + JA u(s) ds and b(t) = -dt + 1; d(s) ds. 
In fact, the original system has a positive o-periodic solution iff the same 
occurs for the new one. 
156 M. LOURDES C. FERNANDES 
We remark that, when b = a and f = d, condition (4.3) becomes ti> C 
and d>& Taking a:=~,, c:=albl, d:=b,, and e:=a,b,, we obtain 
a, (1 -b,) > 0 and az( 1 - b2) >O. Such conditions were also given by 
P. De Mottoni and A. Schiaffino in [IS]. 
Theorem 4 also improves, in the existence part, a theorem by C. Alvarez 
and A. C. Lazer [Z], where it is required, for system (4.2), that 
dMlfL<aJcM and aMlbL < d,le,, (4.5) 
where, for g : Iw -+ [w, we denote g, := inf g and g, := sup g. 
Finally, we note that, using Remark 2.4 and Theorem 3.4, the case in 
which the functions a, 6, c, d, e, f are not periodic, can be also studied. In 
particular, under (4.5), we can easily prove the existence of a compact 
rectangle in (rW+)’ absorbing all the solutions of (4.2) with initial value in 
(Iw+ )‘. In this way, we can obtain a result by S. Ahmad [ 11. 
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